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These notes ontain a brief introdution to the onstrution of
tori CalabiYau hypersurfaes and omplete intersetions with a
fous on issues relevant for string duality alulations. The last two
setions an be read independently and report on reent results
and work in progress, inluding torsion in ohomology, lassia-
tion issues and topologial transitions
Introdution
Tori geometry is a beautiful part of mathematis that
relates disrete and algebrai geometry and provides
an elegant and intuitive onstrution of many non-
trivial examples of omplex manifolds [16℄. Sparked
by Batyrev's onstrution of tori CalabiYau hyper-
surfaes, whih relates mirror symmetry to a ombi-
natorial duality of onvex polytopes [7℄, tori geome-
try also beame a pivotal tool in string theory. It pro-
vides eient tools for the onstrution and analysis
of large lasses of models, and for omputing quan-
tum ohomology and sympleti invariants [811℄, -
bration strutures [1215℄ for non-perturbative duali-
ties [1619℄, and lagrangian submanifolds for open string
and D-brane physis [2022℄. F -theory ompatiations
[23,24℄, whih are based on ellipti CalabiYau 4-folds, is
maybe the most promising approah to realisti unied
string models for partile physis [25℄, but also 3-folds
with torsion in ohomology have been used for suess-
ful model building [26℄.
In the present notes we desribe some tools that are
provided by tori geometry and report on some reent
results. Setion 1. ontains the basi denitions and on-
strutions of tori varieties, working mainly with the ho-
mogeneous oordinate ring. In setion 2. we reall the
string theory ontext in whih CalabiYau geometry be-
omes important for partile physis and desribe the
tori onstrution of hypersurfaes and omplete inter-
setions. Setion 3. explains brations and torsion in o-
homology in terms of the ombinatoris of polytopes.
In setion 4. we summarize reent results and work in
progress and onlude with a list of open problems.
1. Basis of Tori Geometry
The (algebrai) n-torus is a produt T = (C∗)n of n o-
pies of the puntured omplex plane C
∗ = C\{0}, whih
we regard as a multipliative abelian group. It is hene a
omplexiation of the real n-torus U(1)n. A tori vari-
ety is dened as a (partial) ompatiation of T in the
following sense: It is a (normal) variety X that ontains
an n-torus T as a dense open subset suh that the nat-
ural ation of the torus T on itself extends to an ation
of T on the variety X .
The beauty of the tori geometry omes from the fat
that the data is enoded in ombinatorial terms and that
this struture an be used to derive simple formulas for
sophistiated topologial and geometrial objets. More
preisely, the data is given by a fan Σ, whih is a nite
olletion of strongly onvex rational polyhedral ones
(i.e. ones generated by a nite number of lattie points
and not ontaining a omplete line) suh that all faes of
ones and all intersetions of any two ones also belong
to the fan.
The spae in whih Σ lives an be obtained as fol-
lows [6℄: If we parametrize the torus by oordinates
(t1, . . . , tn) the harater group M = {χ : T → C
∗}
of T an be identied with a lattie M ∼= Zn, where
m ∈ M orresponds to the harater χm((t1, . . . , tn)) =




. Another natural lattie that omes
with the torus T an be identied with the group of
algebrai one-parameter subgroups, N ∼= {λ : C∗ → T }
where u ∈ N orresponds to the group homomorphism
λu(τ) = (τu1 , . . . , τun) ∈ T for τ ∈ C∗. The omposition
(χ ◦λ)(τ) = χ(λ(τ)) = τ 〈χ,λ〉 denes a anonial pairing
〈χm, λu〉 = m ·u whih makes N and M ∼= Hom(N,Z) a
dual pair of latties (or free abelian groups). The har-
aters χm for m ∈ M an be regarded as holomorphi
funtions on the torus T and hene as rational funtions
on the tori variety X . We will see that the lattie N ,





∼= Rn, is where
the ones σ ∈ Σ of the fan live.
We rst onstrut the rays ρj with j = 1, . . . , r, i.e.
the one-dimensional ones ρj ∈ Σ
(1)
of the fan where
the n-skeleton Σ(n) ontains the n-dimensional ones of
1
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Σ. Reall that divisors are formal linear ombinations
of subvarieties of X of (omplex) odimension 1, i.e. of
dimension n − 1. It an be shown that normality of X
implies that the divisors div(χm), i.e. the hypersurfaes
dened by the equations χm = 0, are equal to sums∑r
1 ajDj for some nite set of irreduible divisors Dj .
Like div(χm) the Dj are T -invariant and hene unions
of omplete orbits of the torus ation. The oeients
aj(m) are unique so that the deomposition divχ
m =∑
ajDj denes linear maps m→ aj(m) = 〈m, vj〉. The
irreduible divisors Dj hene dene vetors vj ∈ N for
j ≤ r with aj(m) = 〈m, vj〉. These vetors are the
primitive generators of the rays ρj that onstitute the
1-skeleton Σ(1) of the fan Σ. If we loally write the equa-
tion of the divisor as Dj = {zj = 0} with zj a setion
of some loal line bundle then we an write the torus





j on some dense subset of T ⊆ X .
1.1 Homogeneous oordinates
We now regard {zj} as global homogeneous oordinates






n+1 \ {0} via
the identiation (z0 : . . . : zn) ≡ (λz0 : . . . :λzn). If all zj
are non-zero then the oordinates
(λq1z1 : . . . : λ
qrzr) ∼ (z1 : . . . : zr), λ ∈ C
∗
(1)










qjvj = 0, where vj are the generators of the rays
ρj ∈ Σ
(1)
of the fan Σ. Sine the vetors vj ∈ N be-
long to a lattie of dimension n the saling exponents
{qj} ∈ Z
Σ(1) ∼= Zr in the identiation (1) are restrited
by n independent linear equations. Naively we therefore
might expet that the tori variety X an be written as
a quotient (Cr \ Z) / (C∗)r−n, where {(zj)} = C
r \ Z
is the set of allowed values for the homogeneous oor-
dinates and the (C∗)r−nation on {(zj)} implements
the identiation (1) with
∑
qjvj = 0. The identia-
tion group orresponds, however, to the kernel of the




j ) for (zj) ∈ (C
∗)r. If the vj
do not span the Nlattie, i.e. if the quotient
G ∼= N/(span
Z
{v1, . . . , vr}) (3)
is a nite abelian group of order |G| > 1, then this ker-
nel is (C∗)r/(C∗)n ∼= (C∗)r−n×G and ontains a disrete
fator G. The tori variety X an hene be onstruted
in terms of homogeneous oordinates zj , an exeptional
set Z ⊂ Cr, and the identiation group (C∗)r−n×G as
X = (Cr − Z) / ((C∗)r−n ×G), (4)
where the quotient an be shown to be geometrial if
the fan Σ is simpliial [27℄ (f., however, example 2 be-





we an onstrut dierent tori varieties by
hoosing dierent latties N ⊂ Rn that ontain the vj as
primitive lattie vetors. These are all abelian quotients
of the variety for whih N is the integral span of {vj}.
The last piee of information that we need is the ex-
eptional set Z. The limit points (zj) ∈ X \ T =
⋃
Dj
that are added to T are determined by the onditions un-
der whih homogeneous oordinates are allowed to van-
ish. This is where the information of the fan Σ enters: A
subset of the oordinates zj is allowed to vanish simul-
taneously i there is a one σ ∈ Σ ontaining all of the
orresponding rays ρj . In geometrial terms this means
that the orresponding divisors Dj interset in X . The
exeptional set Z hene is the union of sets
ZI = {(z1 : . . . : zr) | zj = 0 ∀ j ∈ I} (5)
for whih there is no one σ ∈ Σ suh that ρj ⊆ σ for all
j ∈ I. Minimal index sets I with this property are alled
primitive olletions. They orrespond to the maximal




In terms of homogeneous oordinates the torus ation
amounts to the eetive part of the (C∗)r ation indued
on the quotient (4) by independent salings of zj and
thus extends from T to X . The torus orbits into whih
X deomposes are hene haraterized by the index sets
of the vanishing oordinates. It an be shown [3℄ that the
torus orbits Oσ are in one-to-one orrespondene with
the ones σ ∈ Σ, where Oσ ∼= (C
∗)n−dimσ is the inter-
setion of all divisorsDj for ρj ⊂ σ with all omplements
of the remaining divisors. The orbit Oσ is an open subva-
riety of the orbit losure Vσ, whih is the intersetion of
all divisors Dj for ρj ⊂ σ and whih also has dimension
n− dimσ.
Further important sets are the ane open sets Uσ,
whih are the intersetions of all omplements X \ Dj
with ρj 6∈ σ and whih provide a overing of X . The




Oτ , Uσ =
⋃
τ⊆σ







































w (λ2µz0 :λz1 :λz2 :µw) ∈ (C
4−Z)/(C∗)2





































































Fig. 1: The Hirzebruh surfae F2 as blowup of WP211. Fig. 2: Tori desingularizations of the onifold.
where Vσ and Uσ are disjoint unions and the last union
an be restrited to a overing of X by the Uσ's for maxi-
mal ones σ. In the traditional approah [14℄ a tori va-
riety X is onstruted by gluing its open ane pathes
Uσ along their intersetions
Uσ ∩ Uτ = Uσ∩τ ⊇ T = U{0}. (7)
The pathes Uσ are onstruted in terms of their rings of
regular funtions, whih are generated by the haraters











the relevant exponent vetors m ∈ M are the lattie
points in the dual one
σ∨ = {x ∈M
R
: 〈x, v〉 ≥ 0 ∀ v ∈ σ}. (9)
More abstratly, the semigroup algebra Aσ = C[σ
∨∩M ]
of the semigroup σ∨ ∩M is, by denition, the ring of
regular funtions on Uσ, so that the points of Uσ an be
obtained as the spetrum Specm(Aσ) of maximal ideals.
The Zariski topology of Uσ an be onstruted in terms
of the prime ideals and the gluing an be worked out by
relating the haraters in dierent pathes (f. example
2 below). We now state two important theorems [14℄:
Theorem 1: A tori variety is ompat if and only if the
fan is omplete, i.e. if the support of the fan overs the






We prove the only if: For an inomplete fan we on-
sider some u ∈ N \ |Σ| and a one-parameter family of
points pλ = (λ
u1 t1, . . . , λ
un tn) ∈ T . Evaluation of χ
m
yields χm(pλ) = λ
〈m,u〉χm(p1). But the limit point pλ→0
annot be ontained in any path Uσ beause χ
m(pλ) di-
verges as λ→ 0 form ∈ σ∨ and u 6∈ σ so that 〈m,u〉 < 0.
Theorem 2: A tori variety is non-singular if and only
if all ones are simpliial and basi, i.e. if all ones σ ∈ Σ
are generated by a subset of a lattie basis of N .
To illustrate these theorems we work out two examples:
Example 1: The Hirzebruh surfae





be dened by v0 = (0,−1), v1 = (1, 0), v2 = (−1, n)
and v3 = (0, 1), with linear relations v0 + v3 = 0,
nv0 + v1 + v2 = 0 and saling parameters µ and λ as
shown in gure 1.
We onsider the ase n = 2. If we drop the vertex
v3 the fan would onsist of 3 ones and we obtain the
weighted projetive spae WP211 with saling weights
(2, 1, 1). This spae is singular beause the one spanned
by (v1, v2) has volume 2. Indeed, if we drop the oor-
dinate w and set µ = 1 then (1 : 0 : 0) is a xed point
of the C
∗
identiation for λ = −1, i.e. we have a Z2
quotient singularity. The Hirzebruh surfae F2 is a de-
singularization of this surfae orresponding to a subdi-
vision of the one (v1, v2) into two basi ones (v1, v3)
and (v3, v2). The exeptional set is aordingly modied
to Z = {z0 = w = 0} ∪ {z1 = z2 = 0}. We an now
onsider two ases: If w 6= 0 then µ = 1/w sales w to
w = 1. This yields all points (z0 :z1 :z2 : 1) ≡ (z0 :z1 :z2)
of WP211 exept for its singular point (1 : 0 : 0), whih
is exluded due to the subdivision of the one (v1, v2)
by v3. If w = 0 we an sale z0 6= 0 to z0 = 1 and nd
(1 : z1 : z2 : 0) ∈ F2. We thus observe that the singular
point has been replae by a P
1
with homogeneous oor-
dinates (z1 : z2). This proess of replaing a point by a
projetive spae is alled blow-up. In the present exam-
ple it desingularizes a weighted projetive spae. It an
be shown [3℄ that all singularities of tori varieties an
resolved by a sequene of blow-ups that orrespond to
subdivisions of the fan.
Example 2: The onifold singularity
Aording to theorem 2 the seond soure of singularities
is nonsimpliity of a one, whih is only possible in at
least 3 dimensions. We hene onsider a quadrati one
σ as displayed in gure 2b with generators
v0 = (1, 0, 0), v1 = (0, 1, 0), v2 = (1, 0, 1), v3 = (0, 1,−1)
and relation
∑
qivi = 0 with q = (1, 1,−1,−1) so that







or X = P(1, 1,−1,−1). The dual one σ∨ has generators
m0=(1, 0, 0),m1=(0, 1, 0),m2=(0, 1, 1),m3=(1, 0,−1).
Aording to (8) the oordinate ring Aσ is generated by
x = χm0 = z0z2, y = χ
m1 = z1z3, (11)
u = χm2 = z1z2, v = χ
m3 = z0z3, (12)
3
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whih are regular, invariant under the saling (10) and
obey the relation xy = uv. Hene Aσ = C[σ
∨ ∩M ] ∼=
C[x, y, u, v]/〈xy−uv〉 and X=Uσ an be identied with
the hypersurfae xy = uv in C4, whih has a onifold
singularity at the origin. As shown in gure 2 the one
σ an be triangulated in two dierent ways. In the rst
ase σα = 〈v0, v2, v3〉, σβ = 〈v1, v2, v3〉 and the dual
ones are σ∨α = (mα,m0,m3), σ
∨
β = (mβ ,m1,m2) with
mα = −mβ = (−1, 1, 1) so that we obtain the algebras
Aα = C(mα,m0,m3) ∋ (z1/z0, x = z0z2, v = z0z3), (13)
Aβ = C(mβ ,m2,m1) ∋ (z0/z1, u = z1z2, y = z1z3). (14)
With the exeptional set Z = {z0 = z1 = 0} we observe
that the singular point x = y = u = v = 0 has been
replaed by a P
1 ∋ (z0 : z1) and the transition funtions
show that X{σα,σβ} an be identied with the total spae
of the rank two bundle O(−1)⊕O(−1)→ P1. The read-
er may verify that the homogeneous oordinates work
straightforwardly (geometrial) in the simpliial ases
(2a) and (2). In the non-simpliial ase (2b) the quo-
tient (4) has to be taken in the GITsense [27℄ beause
all C
∗







map to the tip 0 ∈ Uσ of the onifold (the ategori-
al quotient of geometri invariant theory (GIT) involves
the dropping of bad orbits).
The two tori resolutions orrespond to blowups re-
plaing the singular point by two dierent P
1
's (whih
topologially are 2-spheres S2). We an hene go from
one small resolution to the other via the onifold by
blowing down the P
1
to a point and blowing up that
point in a dierent way. This is alled a op transition.
There is also a non-tori possibility to resolve the
singularity by deforming the hypersurfae equation to
xy−uv = ε. Topologially this amounts to replaing the
singularity by a 3-sphere S3. This an be seen as follows:
By a linear hange of variables {x∓y2 ,
u±v
2 } ↔ {i
lwl} we














albl = 0. (15)












parametrize the bers of the otangent bundle T ∗S3.
The topology hange between the small resolution and
the deformation is alled onifold transition.
1.3 Line bundles
The onifold is the standard example of a non-ompat
(loal) CalabiYau geometry. A ompat tori varieties,
on the other hand, never have c1 = 0. We will hene
not only be interested in tori varieties themselves but
also in hypersurfaes or omplete intersetions thereof,
whih under appropriate onditions are smooth Calabi
Yau spaes. Their dening equations will be setions of
non-trivial line bundles. The relevant data of these bun-
dles is the transition funtions between dierent path-
es. This data is losely related to the topologial data of
Cartier divisors, whih by denition are loally given in
terms of rational equations fα = 0 with fα/fβ regular
and nonzero on the operlap of two pathes. Sine mul-
tipliation by a rational funtion does not hange the
line bundle we are interested in divisors lasses with re-
spet to linear equivalene, i.e. modulo addition of prin-
ipal divisors div(f), whih are the divisors of rational
funtions f . Cartier divisor lasses hene determine the
Piard group Pic(X) of holomorphi line bundles.
Finite formal sums of irreduible varieties of o-
dimension one are alled Weil divisors (whih may not
be Cartier, i.e. loally prinipal, on singular varieties).
On a tori variety it an be shown that the Chow group
An−1(X) of Weil divisors modulo linear equivalene is
generated by the T -invariant irreduible divisors Dj
modulo the prinipal divisors div(χm) with m ∈M , i.e.
there is an exat sequene
0→M → ZΣ
(1)
→ An−1(X)→ 0 (16)
where M ∋ m → (〈m, vj〉) ∈ Z
Σ(1)
and Z
Σ(1) ∋ (aj) →∑
ajDj , The Chow groupAn−1(X) hene has rank r−n.
It ontains the Piard group as subgroup, whih is tor-
sion free if XΣ is ompat [3℄.
A Weil divisor of the form D =
∑
ajDj is Cartier,
and hene denes a line bundle O(D) ∈ Pic(X), if there
exists an mσ ∈ M for eah maximal one σ ∈ Σ suh
that 〈mσ, vj〉 = −aj for all ρj ∈ σ. The transition fun-
tions of O(D) between the pathes Uσ and Uτ are then
given by χmσ−mτ . If X is smooth then all Weil divisors
are Cartier. For a simpliial fan kD is Cartier for some
positive integer k. For Cartier divisors the Σ-pieewise
linear real funtion ψD on NR dened by
ψD(v) = 〈mσ, v〉 for v ∈ σ (17)
is alled support funtion. If X is ompat and D =∑
ajDj Cartier then O(D) is generated by global se-
tions i the support funtion ψD is onvex and D is
ample i ψD is stritly onvex, i.e. if 〈mσ, vj〉 > −aj for
dimσ = n and ρj 6⊂ σ. For onvex support funtions
∆D = {m ∈MR : 〈m, vj〉 ≥ −aj ∀ j ≤ r} (18)
= {m ∈M
R
: 〈m,u〉 ≥ ψD(u) ∀ u ∈ N} (19)
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denes a onvex lattie polytope ∆D ⊂ MR whose lat-
tie points provide the global setions of the line bundle
O(D) orresponding to the divisor D (the rst equali-
ty denes ∆D also if D is not Cartier). In partiular,
∆kD = k∆D and∆D+div(χm) = ∆D−m so that the poly-
tope an be translated in theM lattie without hanging
the divisor lass and the transition funtions.
In terms of the polytope (18)D is generated by global
setions i ∆D is the onvex hull of {mσ} and D is am-
ple i ∆D is n-dimensional with vertiesmσ for σ ∈ Σ
(n)
and with mσ 6= mτ for σ 6= τ ∈ Σ
(n)
. In the latter ase
there is a bijetion between faes of ∆D and ones in Σ
or, more priisely, Σ is the normal fan of ∆D: By deni-
tion the ones στ of the normal fan Σ∆ of a polytope ∆
are the dual ones of the ones over ∆−x where x ∈M
R
is any point in the relative interior of a fae τ ⊂ ∆. If
0 ∈M is in the interior of ∆, as an always be ahieved
by a rational translation of ∆ by δx ∈ M
Q
, then the
normal fan Σ∆ oinides with the fan of ones over the
faes of the polar polytope ∆◦ ⊆ N
R
dened by
∆◦ = {y ∈ N
R
: 〈x, y〉 ≥ −1 ∀x ∈ ∆}. (20)
On smooth ompat tori varieties it an be shown that
every ample T -invariant divisor is very ample. The se-
tions χm of suh an O(D) hene provide an embedding of
XΣ into P
K−1
via (χm1 : . . . : χmK ) whereK = |∆D∩M |
is the dimension of the spae of global setions of O(D).
A tori variety XΣ therefore is projetive i Σ is the
normal fan of a lattie polytope ∆ ⊂M
R
[2, 3℄.
Summarizing, the equations dening CalabiYau hy-
persurfaes or omplete intersetions will be setions of














whose exponent vetors m span the onvex lattie poly-
topes ∆D ⊆ MR dened in eq. (18). In an ane path
Uσ the loal setion fσ = f/χ
mσ
is a regular funtion
fσ ∈ Aσ beause ∆D −mσ ⊂ σ
∨
.
1.4 Intersetion ring and Chern lasses
If a olletion ρj1 , . . . , ρjk of rays is not ontained in a
single one then the orresponding homogeneous oordi-
nates zjl are not allowed to vanish simultaneously and
the orresponding divisors Djl have no ommon inter-
setion. For the intersetion ring we hene expet the
non-linear relations RI = Dj1 · . . . ·Djk = 0, where it is
suient to take into aount the primitive olletions
I = {j1 . . . jk} as dened by Batyrev, i.e. the minimal
index sets suh that the orresponding rays do not all
belong to the same one (f. the denition of the ex-
eptional set Z =
⋃
ZI in setion 1.1). The ideal in
Z[D1, . . . , Dr] generated by these RI is alled Stanley
Reisner ideal J , and Z[D1, . . . , Dr]/J is the Stanley
Reisner ring.
The Chow groups Ak(X) of a variety X are generat-
ed by k-dimensional irreduible losed subvarieties of X
modulo rational equivalene by divisors of rational fun-
tions on subvarieties of dimension k+1. For an arbitrary
tori variety XΣ it an be shown that Ak(X) is gener-
ated by the equivalene lasses of orbit losures Vσ for
ones σ ∈ Σ(n−k). The intersetion ring of a non-singular
ompat tori variety XΣ is [1℄







(for a denition of the intersetion produt see [3℄).
The intersetion ring an hene be obtained from the
StanleyReisner ring by adding the linear relations∑
j〈m, vj〉Dj ≃ 0, where it is suient to take form a set
of basis vetors of theM -lattie. The Chow ring also de-
termines the homology groups H2k(XΣ,Z) = Ak(X,Z).
These results atually generalize to the simpliial pro-
jetive ase with the exeption that one needs to admit
rational oeients [2, 3℄. In partiular, for a maximal-
dimensional simpliial one σ spanned by vj1 , . . . , vjn the
intersetion number of the orresponding divisors is
Dj1 · . . . ·Djn = 1/Vol(σ) (23)
where Vol(σ) is the lattie-volume (i.e. the geometrial
volume divided by the volume 1/n! of a basi simplex).
Having disussed the yles we not turn to dieren-
tial forms. The anonial bundle of a non-singular tori








whih by an appropriate hoie of the orientation (i.e.
the order of the loal oordinates xi in the ane path-





and for the anonial divisor −D = −
∑
Dj. The om-
putation of the total Chern lass requires an expression
for the (o)tangent bundle, for whih there is an exat
sequene







where Ω1X(logD) turns out to be trivial and the residue




→ ⊕fj |Dj [3℄. A alulation


















1c2 + . . . (28)
The rst Chern lass c1 =
∑
Dj is positive for ompat
tori varieties, but it vanishes for the onifold beause of
the linear relations D0+D2 ∼ 0, D1+D3 ∼ 0 and D1 ∼
D3. (Impliations for volumes and numbers of lattie
points an now be derived by applying the Hirzebruh
RiemannRoh formula χ(X,E) =
∫
ch(E)Td(X) to
the ase of line bundles of Cartier divisors as desribed,
for example, in the last hapter of [3℄.)
1.5 Sympleti redution
There is another approah to tori geometry in terms of
sympleti instead of omplex geometry, whih is impor-
tant beause, in addition to the omplex struture, we
will also need a Kahler metri. Moreover, the sympleti
approah an be given a diret physial interpretation
in terms of supersymmetri gauged linear sigma mod-
els [28℄. The idea is that the C
∗
quotient an be per-
formed in two steps: We rst divide out the phase parts,
whih amount to ompat U(1) quotients, and then 
instead of a radial identiation  x the values of ap-
propriate radial variables to ertain sizes ta that will
parameterize the Kahler metris.
In order that the quotient inherits a Kahler form (and





dzj ∧ dz¯j = 2
∑
dxj ∧ dyj =
∑
dr2j ∧ dϕj , (29)
with z = x + iy = reiϕ we use the sympleti redut-
ion formalism. This requires that the Gation is hamil-
tonian, i.e. given by a moment map µ : Cr → g∗ to the
dual g
∗
of the Lie algebra g of G = U(1)r−n suh that
the hamiltonian ows dened by µ generate the innites-
imal G-transformations. Then the sympleti redution
theorem guarantees that the restrition of the image of
the moment map to xed values ta for a = 1, . . . , n − r
indues a sympleti struture on the quotient of the
preimage µ−1(ta)/G for regular values of ta.





























subgroups of the C
∗
ations of the homomorphi quo-
tients (4). In the gauged linear sigma model [28℄ the q
(a)
j
are the harges of r hiral superelds zj under a U(1)
r−n
gauge group and the moment maps µa are Dterms in
the superpotential. The imaginary parts of the omplex-
ied radii ta thus orrespond to θ-angles.
Under the sympleti redution the holomorphi r-
form Ω =
∏
dzj on Cr desends to a holomorphi n-
form i it is invariant under the group ation, i.e. if∑
j q
(a)
j = 0 for all a ≤ r−n. These equations an be in-
terpreted as U(1) gauge anomaly anellation onditions
in the linear sigma model [28℄. Sine the existene of a
holomorphi n-from on XΣ is equivalent to c1 = 0 we
thus obtain a simple form of the CalabiYau ondition
(f. the vanishing of
∑
j qj for the onifold).
Instead of the linear ombinations (30) we an on-
sider all moment maps µj = |zj |
2
, whose ows are phase
rotations of the homogeneous oordinates zj . After the
sympleti redution the eetive part G ∼= U(1)n of this
U(1)r-ation yields the ompat part of the torus ation
G ⊂ T . The image of the orresponding momentum map
is a onvex polytope, the Delzant polytope ∆(ta), whose
orners orrespond to xed points of G. Sine the Lie al-
gebra g of G an be identied with the the real extension




Example 3: For the projetive spae P
n
all qj = 1
and with ta = r
2
we obtain the sympleti quotient
as {|z0|
2 + . . . + |zn|
2 = r2}/U(1). The value ta = r
2
of the moment map of the sympleti redution hene
parametrizes the size of the projetive spae. The image
of the moment map for G ⊂ T on the resulting tori va-
riety is the simplex {ti ≥ 0, r
2 −
∑n
1 ti = t0 ≥ 0} ⊂ MR
whose faes of odimension k orrespond to the vanish-
ing of k moment maps ti and hene to xed points of
a U(1)k subgroup of G. The fan of the tori variety Pn
is the normal fan of ∆. We thus an onstrut Pn as
a (ompat) torus bration over a polytope ∆ ∈ Rn
whose bers degenerate to lower-dimensional tori over
the faes of ∆. This bration struture has been used
by Strominger, Yau and Zaslow [20℄ for an interpreta-
tion of mirror symmetry as T -duality on a torus-bered
CalabiYau manifold.
Example 4: As a non-ompat example we onsider






. Obviously t = 0 is a
singular value, while for t = ±ε2 → 0 the size ε of one of
the blown-up P
1
's shrinks to 0. Regular values of the mo-
ment maps ta lead to a smooth sympleti quotient and,
in partiular, to a (projetive) triangulation of the fan.
The orresonding smooth Kahler metri is parametrized
by the r−n values ta, whih an be interpreted a sizes of
ertain two-yles, in aord with the dimension r−n of
H2(XΣ). The regular values orrespond to open ones of
the seondary fan, whih parametrizes the Kahler mod-
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uli spaes and whose hambers are separated by walls
that orrespond to op transitions [29℄ between dier-
ent smooth phases (in the physiist's language [28℄). At
the transition a yle shrinks to a point that is blown up
aording to a dierent triangulation Σ∆(t) on the other
side of the wall [29℄.
2. Strings, geometry and reexive polytopes
At observable energy sales string theory leads to an ef-
fetive theory that orresponds to a 10-dimensional su-
pergravity ompatied on a 6-dimensional manifold K.
At small distanes spae-time hene looks like M4 ×K,
whereM4 is our 4-dimensional Minkowski spae, as long
as quantum utuations of the metri are suiently
small to allow for a semilassial geometrial interpreta-
tion.
For phenomenologial reasons we usually require that
supersymmetry survives the ompatiation, whih im-
plies the existene of a ovariantly onstant spinor ∇η =
0 on the internal manifold K. In the simplest situation
RR bakground elds and the B eld vanish. Cande-
las, Horowitz, Strominger and E. Witten [30℄ showed
that this implies that K is a omplex Kahler manifold
with vanishing rst Chern lass. (The inlusion of B
elds was already disussed in a beautiful paper by Stro-
minger [31℄, but RR uxes were largely for a long time
until their importane for moduli stabilization in type II
theories was reognized [32℄. The investigation of their
geometry lead to the beautiful new onept of general-
ized omplex strutures [3335℄.) Expliitly, the Kahler
form ω and the holomorphi 3-form Ω of the CalabiYau
an be onstruted in terms of η as
ωij = iη
†γ[iγj]η, Ω ∼ η
†γ[iγjγk]η, (31)
and the integrability ondition Nij
















trivially satised for the torsionfree metri-ompatible
onnetion that stabilizes η = 0.
The ondition c1 = 0, whih is equivalent to the ex-
istene of a holomorphi 3-form Ω, has been onjetured
by Calabi and proven by Yau to be also equivalent to
the existene of a Rihi-at Kahler metri, so that the
vauum Einstein equations are satised.
In the standard onstrution of anomaly free heterot-
i strings with gauge group E6 it turns out that harged
partiles and anti-partiles show up in onjuntion with
elements of the Dolbeault ohomology groups H11 and
H21, respetively. While H11 parametrizes the Kahler
metris, H21 an be related to omplex struture defor-





. Sine exhange of partiles and anti-
partiles, as well as the orresponding sign of a U(1)
harge in the sigma model desription of the Calabi
Yau ompatiations, are mere onventions, physiists
ame up with the idea of mirror symmetry [36℄, whih
was used by Candelas et al. [37℄ to onstrut a mirror
map between the Kahler and omplex struture moduli
spaes of a CalabiYau manifold X and its mirror dual
X∗, whose topologies are related by
h11(X) = h21(X
∗), h21(X) = h11(X
∗). (32)
The power series expansions of this map ould be in-
terpreted as instanton orretions in the quantum theo-
ry, and thus lead to a predition of numbers of rational
urves [8, 9℄.
2.1 Tori hypersurfaes
The beauty of the tori onstrution of CalabiYau
spaes is based on the fat that it relates mirror sym-
metry to a ombinatorial duality of lattie polytopes,
as was disovered by Batyrev [7℄. He showed that the
CalabiYau ondition for a hypersurfae, i.e. the vanish-
ing of the rst Chern lass, requires as a neessary and
suient ondition that the polytope ∆D ⊆ MR of the
line bundle O(D) whose setion denes the hypersurfae
is polar to the lattie polytope ∆∗ = ∆◦D ⊆ NR where
∆∗ is the onvex hull of the generators vj of the rays
ρj ∈ Σ
(1)
of the fan of the ambient tori variety XΣ.
A lattie polytope whose polar polytope (20) is again a
lattie polytope is alled reexive. Batyrev also derived
a ombinatorial formula for the Hodge numbers
h11(X∆) = h2,1(X∆◦) = l(∆








where θ and θ◦ is a dual pair of faes of ∆ and ∆◦, re-
spetively. l(θ) is the number of lattie points of a fae
θ, and l∗(θ) is the number of its interior lattie points.
Mirror symmetry now amounts to the exhange of ∆
and ∆◦ and the formula for the Hodge data makes the
topologial duality (32) manifest.
The formula (33) has a simple interpretation: The
prinipal ontributions to h11 ome from the tori divi-
sors Dj that orrespond to lattie points in ∆
◦
dierent
from the origin. There are dim(∆) linear relations among
these divisors. The rst sum orresponds to the sub-
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Fig. 3: All 16 reexive polygons in 2D: The rst 3 dual pairs are maximal/minimal and
ontain all others as subpolygons, while the last 4 polygons are selfdual.
divisors of the ambient spae do not interset a gener-
i CalabiYau hypersurfae. Lastly, the bilinear terms
in the seond sum an be understood as multipliities
of tori divisors and their presene indiates that only






































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Fig. 4: Hypersurfae spetra for h11≤h12. The maximal
h11 + h12 omes from (251,251) and (491,11).
The enumeration of all reexive polytopes has been
ahieved by Batyrev for the two-dimensional ase, as
shown in gure 3, many years ago. In dimensions 3 and
4, whih are relevant for K3 surfaes and CalabiYau
3-folds, respetively, the enumeration required extensive
use of omputers and was ahieved in [38,39℄ and [40,41℄,
respetively. The ode was later inluded into the soft-
ware pakage PALP [42℄, whih an be used for the re-
onstrution of the data as well as for many other pur-
poses like the analysis of brations and integral ohomol-
ogy (see setion 3.), as well as the onstrution of higher-
dimensional examples. All results an be aessed on the
web page [43℄ and we just note that the numbers of re-
exive polytopes in 3d and 4d are 4319 and 473 800 776,
respetively. The resulting 30108 dierent Hodge data of
3-folds amount to 15122 mirror pairs as shown in gure
4.
2.2 Complete intersetions
Soon after the hypersurfae ase Batyrev and Borisov
disovered another beautiful ombinatorial duality that
orresponds to mirror symmetry of tori omplete in-
tersetions [44℄. In this generlization two polar pairs of
reexive lattie polytopes are involved with the dening
onditions summarized in the following equations,
∆ = ∆1 + . . .+∆r ∆
◦ = 〈∇1, . . . ,∇r〉conv
(∆l,∇m) ≥ −δlm (34)
∇◦ = 〈∆1, . . . ,∆r〉conv ∇ = ∇1 + . . .+∇r
where r is the odimension of the CalabiYau and the
dening equations fi = 0 are setions of O(∆i). The de-
omposition of the M -lattie polytope ∆ ⊂ M
R
into a
Minkowski sum ∆ = ∆1 + . . . + ∆r is now dual to a
NEF (numerially eetive) partition of the verties of
a dierent reexive polytope ∇ ⊂ N
R
suh that the on-
vex hulls ∇i of the respetive verties and 0 ∈ N only
interset at the origin [5, 44℄.
The Hodge numbers hpq of the orresponding om-
plete intersetions have been omputed and shown to
8
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obey (32) in [45℄. They are summarized for arbitrary
dimension n− r of the CalabiYau in a generating poly-















in terms of the ombinatorial data of the n + r dimen-
sional Gorenstein one Γ({∆i}) spanned by vetors of
the form (ei, v), where ei is a unit vetor in R
r
and
v ∈ ∆i. In this formula x, y label faes Cx of dimen-
sion ρx of Γ({∇i}) and C
∨
x denotes the dual fae of the
dual one of Γ({∆i}). The interval I = [x, y] labels all
ones that are faes of Cy ontaining Cx. The Batyrev
Borisov polynomials BI(t, t¯) enode ertain ombina-
torial data of the fae lattie [45℄. The polynomials




nln(Cx) of degree ρx−1 are re-
lated to the numbers ln(Cx) of lattie points at degree n
in Cx and hene to the Ehrhart polynomial of the Goren-
stein polytope generating Cx. (The Gorenstein polytope
∆C onsists of the degree 1 points of a Gorenstein one
C. In the hypersurfae ase r = 1 and ∆C = ∆ = ∆1.)
Without going into details let us emphasize that the
formula (35) ontains positive and negative ontribu-
tions whose interpretation in terms of individual on-
tributions from tori divisors Dj is, in ontrast to the
hypersurfae formula (33), unfortunately unknown. In
additional to eieny problems in onrete alulations
(the formula is implemented in the nef-part of PALP [42℄,
but beomes quite slow for odimension r > 2) this en-
tails important theoretial problems, whih we will om-
ment on below.
3. Fibrations and torsion in ohomology
Fibration strutures play an important role in string the-
ory, like e.g. in heterotitype II duality [10, 1618℄, F-
theory [2325℄, but also for the onstrution of vetor
bundles in heteroti ompatiations where they are of-
ten ombined with non-trivial fundamental groups [26℄.
We now disuss how these topologial properties mani-
fest themselves in ombinatorial properties of the poly-
topes that dene tori CalabiYau varieties.
3.1 Torsion in ohomology
We begin with a disussion of the fundamental group,
whih is trivial for every ompat tori variety [1℄ but
may beome non-trivial for hypersurfaes and omplete
intersetions. We rst need to disuss smoothness ondi-
tions and fous on the hypersurfae ase. If we onsider
the normal fan of a reexive polytope ∆ ⊆M
R
then XΣ
will generially have singularities whih have to be re-
solved if they have positive dimension while point-like
singularities an be avoided by a generi hoie of the
hypersurfae equation. The resolution an be performed
by the hoie of a onvex (or oherent) triangulation of
the fan Σ∆ [10, 29, 46℄ whose rays should onsist of all
rays over lattie points of∆◦ (this amounts to a maximal
star triangulation of ∆◦; rays of lattie points in N \∆◦
would ontribute to c1 and hene destroy the CalabiYau
ondition if the orresponding divisors interset the hy-
persurfae). For K3-surfaes suh a triangulation already
leads to a smooth tori ambient spae beause reexivi-
ty implies that the faets are at distane one and every
maximal triangulation of a polygon onsists of basi sim-
plies. For CY 3-folds only the odimension-two ones of
the triangulation are basi while maximal-dimensional
ones may ontain pointlike singularities. This is still
o.k. beause pointlike singularities an be avoided by a
generi hypersurfae. Tori 4-fold hypersurfaes, on the
other hand, may have terminal singularities that annot
be avoided, so that many 5-dimensional reexive poly-
topes annot be used for the onstrution of smooth CY
hypersurfaes. For omplete intersetions the situation
is analogous: 3-folds are generially smooth beause the
odimension dim∆−3 of the CalabiYau is always larg-
er than the dimension dim∆− 4 of the singular lous of
XΣ.
If we now onsider a xed polytope ∆ ⊂ R4 without
speiation of the lattie then reexivity, i.e. integral-
ity of the verties of ∆ and of ∆◦, imply that N is a
sublattie of the dual of the lattie MV generated by
the verties of ∆ and that N ontains the lattie NV
generated by the verties of ∆◦
NV ⊆ N ⊆M
◦
V . (36)
A renement of the N lattie amounts to a geometrial
quotient by a group ationG, whih we all tori beause
it ats diagonally on the homogeneous oordinates. Suh
a renement always entails additional quotient singular-
ities in the ambient spae and no ontributions to its
fundamental group [1℄. If, however, a CalabiYau does
not interset the singular lous of that quotient then the
group ats freely on that variety and ontributes to pi1.
This is the ase if the renement of the lattie does not
lead to additional lattie points of ∆◦ (more preisely,
lattie points of odimension one an be ignored beause,




For a given pair of reexive polytopes there is only a
nite number of latties N that obey (36) and hene on-
ly a nite number of possible tori free quotients. In [47℄
we have shown that the fundamental group of a tori
CY hypersurfae is isomorphi to the lattie quotient of
the N -lattie divided by its sublattie N (3) generated
by the lattie points on 3-faes of Σ. All fundamental
groups of tori hypersurfaes thus ome from tori quo-
tients and are abelian, so that pi1 is isomorphi to the
torsion in H2. We also found a ombinatorial formula for
the Brauer group B, whih is the torsion the third o-
homology H3, in terms of the sublattie N (2) generated
by lattie points on 2-faes of Σ. Here, however, B × B
must be a subgroup of N/N (2).
Various dualities imply that the omplete torsion in
the ohomology group is determined in terms of pi1 and B
and we onjetured, based on someK-theory arguments,
that these groups are exhanged with the duals of the
other under mirror duality [47℄. This onjeture ould
be veried for all tori hypersurfaes by expliit alula-
tion. Two well-known examples are the free Z5 quotient
of the quinti and the free Z3 quotient of the CY hyper-
surfae in P
2 × P2. For the omplete list of 473 800 776
reexive polytopes one nds 14 more examples of tori
free quotients [42℄: The elliptially bered Z3 quotient
of the degree 9 surfae in P411133, whose group ation
on the homogeneous oordinates is given by the phases
(1, 2, 1, 2, 0)/3, and 13 ellipti K3 brations where the
lattie quotient has index 2. The 16 non-trivial Brauer
groups showed up, as expeted, exatly for the 16 poly-
topes that are polar to the ones that lead to a non-trivial
fundamental group. For omplete intersetions it is pos-
sible to have both a non-trivial fundamental group and a
non-trivial Brauer group at the same time and our on-
jeture was veried for a odimension-2 CalabiYau for
whih both groups are Z3 × Z3 [48℄.
3.2 Fibrations
For general K3 surfaes and CalabiYau 3-folds there ex-
ists a riterion by Oguiso for the existene of ellipti and
K3 brations in terms of intersetion numbers [18,49℄. In
the tori ontext the data of a given reexive polytope
∆◦ ⊆ N
R
has to be supplemented by a triangulation of
the fan, as disussed above, and the bration properties
like intersetions depend on the hosen triangulation.
Computation of all intersetion numbers for all tri-
angulations is omputationally quite expensive, but for
tori CalabiYau spaes there is, fortunately, a more di-
ret way to searh for brations that manifest themselves
in the geometry of the polytope and to single out the ap-
propriate triangulations [1215,41℄. These brations de-
send from tori morphisms of the ambient spae [3, 4℄,
whih orrespond to a map φ : Σ→ Σb of fans in N and
Nb, respetively, where φ : N → Nb is a lattie homo-
morphism suh that for eah one σ ∈ Σ there is a one
σb ∈ Σb that ontains the image of σ. The lattie Nf for










































Fig. 5: CY bration from reexive setions of ∆◦ ⊆ N
R
.
If we are interested in brations whose bers are
CalabiYau varieties of lower dimension then the restri-
tion of the dening equations to the fan Σf in Nf needs
to satisfy Batyrev's riterion. We hene require that the
intersetion ∆◦f = ∆
◦ ∩Nf is reexive, like the interse-
tion with the horizontal plane in gure 5. The searh for
tori brations hene amounts to a searh for reexive
setions of ∆◦ with appropriate dimension (or, equiva-
lently, for reexive projetions in the M -lattie, whih
was used in a searh for K3 brations in [12℄). In order
to guarantee the existene of the projetion we hoose a
triangulation of ∆◦f and then extend it to a triangulation
of ∆◦ (this may not always be possible if the odimen-
sion is larger that 1, as was pointed out and analyzed by
Rohsiepe [15℄). For eah suh hoie we an interpret the
homogeneous oordinates that orrespond to rays in ∆◦f
as oordinates of the ber and the others as parameters
of the equations and hene as moduli of the ber spae.
For hypersurfaes the geometry of the resulting -
bration has been worked out in detail in [14℄. Even in
the ase of omplete intersetions reexivity of the ber
polytope ∆◦f ensures that the ber also is a omplete
intersetion CalabiYau beause a nef partition of ∆◦
automatially indues a nef partition of ∆◦f [10℄. The
odimension rf of the ber generially oinides with the
odimension r of the bered spae but for r > 1 it may
happen that Σ1f does not interset one (or more) of the
∆i of the nef partition, in whih ase the odimension
dereases [10℄. In [10℄ we performed an extensive searh
for K3-brations in omplete intersetions whih, due
to modular properties, ould be used for all-genus al-
ulations of topologial string amplitudes. In this searh
we also enountered an example where the bration does
10
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not extend to a morphism of the ambient spaes beause
some exeptional points do not interset the CalabiYau.
Even in that example, however, the K3 ber is realized
by a fan on a sublattie.
4. Work in progress and open problems
For tori CalabiYau hypersurfaes in 3 dimensions the
enumeration and the omputation of the integral oho-
mology has been ompleted, but for the ase of om-
plete intersetions only the surfae habe been srathed
[10,50℄. While the number of reexive polytopes in 5 di-
mensions, whih would be relevant for 4-folds as used
in F-theory, is simply to large (maybe something like
1018) there is some hope that a lassiation of omplete
intersetion 3-folds may be feasable, at least for small
odimensions, via an enumeration of reexive Gorenstein
ones [51,52℄. On the theoretial side it would be impor-
tant to nd a better formula for the Hodge data that
allows a diret interpretation of the Piard number in
terms of tori divisors (for odimension r > 1 even divi-
sors that orrespond to verties of ∇ may not interset
the CalabiYau [10℄). A related issue is the searh for a
ombinatorial formula for torsion in ohomology, whih
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Fig. 6: Deformed onifold Hodge data (irles) and tori
CY hypersurfaes (dots) with h11 + h12 ≤ 46.
Inspite of the fat that the tori onstrution yield
by far the largest lass of known CalabiYau spaes, it
is unlear how generi these spaes are and it is not even
known whether the total number of topologial types is
nite [53℄. A rst step beyond the tori realm along the
lines of [54℄ has been taken reently when we studied
onifold transition to non-tori CalabiYau spaes [22℄.
As shown in gure 6 this onstrution, whih still us-
es tori tools, yields a surprisingly rih lass of new
CalabiYau spaes with small Piard number h11. The
realm with small h11 + h21, on the other hand, seems to
be poppulated by varieties with non-trivial fundamental
group [55℄. Systemati studies of free quotients, however,
so far have only been performed in speial ases.
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